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Project Description
The SABR Model for option pricing under stochastic volatility[1] is given by the following stochastic
differential equations for the forward stock value f under the riskneutral measure Q:
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where the elasticity coefficient B and the volatility of volatility v are assumed to be known constants.
The two Brownian Motions are assumed to be correlated with constant correlation coefficient p.

The model seems to derive its popularity from the fact that the (Black-Scholes based) implied
volatilities, as a function of strike K for a fixed maturity T and stock price level S, can be obtained in a
series expansion which gives a more or less explicit form. Moreover, from these equations one may
show that the smile dynamics generated by the model are such that for decreasing (increasing) stock
price levels, the smile shifts to the left (the right). This is the behavior usually encountered in the
markets, and thus a desirable feature of the model, in contrast to most local volatility models where
stock prices and skew curves move in the wrong (opposite) direction of each other.

The equation for the skew in terms of the forward price f equals
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is the ratio between the volatility of volatility v and the local volatility o/f. Note that the accuracy of
this expansion depends on the ratio K/f, so in principle the formula is only valid for strikes that are not
too far away from the forward price. From this formula we can see that

e The ATM volatility is given by af*{1- B} so the shape of the 'backbone' of the volatility smile
(the relationship between ATM implied vol and stock price level) is controlled by the
parameter B and in particular it is flat (in f) when we take f =1, corresponding to lognormal
distributions (when conditioned on a).

e The second term models the skew. The part -(1/2)(1- B) log (K/f) is skew due to the fact that
the local volatility af*{1- B} is decreasing in f; it disappears when we take  =1. The second
part (1/2) pA log (K/f) is the part that corresponds to vanna, the (negative) correlation between
stock price levels and volatility levels. Likewise, the expression (1/12)(2-3p*2) A2 log™2 (K/f
) in the last term can be associated with volga, the second derivative of the price with respect
to the volatility.

There exists a time-varying version of the model, where the vol of vol and correlation become time-
dependent v=v(t), p = p(t), while the right-hand side of the stochastic differential equation for f is also
multiplied by a time-varying function y(t). All these time-varying functions are still chosen to be
deterministic.



The main advantage of the SABR model when compared to other stochastic volatility models such as
the one introduced by Heston, is the more or less explicit (asymptotic) formula for implied volatilities
which makes it easier to determine the calibration parameters since they can be directly related to the
shape of the smile. A case study to fit options on the South Africa Futures Exchange (SAFEX) is
encouraging [2], but it seems hard to distinguish between the parameters v (vol of vol) and p
(correlation), a problem that we encountered during earlier TDTF projects where the Heston model was
used.

Since the stock dynamics are relatively easy it seems a logical first step to reproduce the smiles
numerically using either Monte Carlo methods or tree-based methods (in two dimensions, see [3]). If
this can be done with sufficient accuracy, we can check the series expansions mentioned in the paper
and see how well options can be calibrated. At the same time, implementation of such methods would
ensure that we can price American options and options with cash dividends as well.

We would like to

e design a method which is fast and accurate, to reproduce the European option prices generated
by the formula for the implied volatility that is given above, based on
o Monte Carlo Simulations, and/or
o Two-dimensional trees
e extend such methods for cases where we have options with early-exercise opportunities (ie.
American options) or options on underlying assets that pay (cash) dividends at deterministic
times in the future.
e  Test these methods by using them to
o fit the SABR model to real market data
o investigate the stability of the relevant parameters under market conditions.
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